
8.3. SPARSE BUNDLE ADJUSTMENT 121

The LM algorithm can shortly be described as follows. Let f be a functional relation which
maps a parameter vector p to an estimated measurement vector x̂ = f(p). Also we have an initial
estimate of the parameter vector p0 and a measurement vector x. The goal of the LM algorithm
is to find the vector p+ which best satisfies the functional relation f , i.e. which minimizes the
squared distance εT ε with ε = x − x̂. LM will linearly approximate f in the neighborhood of p0

as a Taylor expansion:
f(p + δp) ≈ f(p) + Jδp (8.1)

where J is the Jacobian matrix defined as ∂f(p)
∂p holding the partial derivatives of f w.r.t. p.

At each step of the iteration a new estimate for p is computed until it converges to the optimal
solution p+. At every step it is required that the total error is minimized as much as possible,
thus we want to find the δp which minimizes

‖x − f(p + δp)‖ ≈ ‖x − (f(p) + Jδp)‖
≈ ‖ε − Jδp‖ (8.2)

The δp we search for is thus the solution to a linear least squares problem which minimizes Eq. 8.2.
The solution to this is found as the solution of the so called normal equations [20]

JT Jδp = JT ε (8.3)

The LM algorithm actually solves a variation to Eq. 8.3, known as the augmented normal equations

Nδp = JT ε (8.4)

where the matrix N is equal to JT J on all off-diagonal positions. A so-called damping term µ(> 0)
is added to the diagonal elements:

N(i, i) = µ + [JT J](i, i) (8.5)

If the updated parameter vector p+δp with δp computed from Eq. 8.5, leads to a reduction in the
error ε, the update is accepted and the process repeats with a decreased damping term. Otherwise
the damping is increased and Eq. 8.5 is solved again.

The damping term determines the behaviour of the algorithm and is adjusted at each iteration
to assure a reduction of the error ε. If the damping is set to a large value, the matrix N in
Eq. 8.5 is nearly diagonal and the LM update step δp is near the steepest descent direction. If
the damping is small, the LM step approximates the Gauss-Newton least squares update1. LM is
adaptive because it controls its own damping, raising it if a step fails to reduce ε and reducing it
when the update is in the correct direction.

8.3 Sparse Bundle Adjustment

When we apply the LM algorithm, explained in section 8.2 to bundle adjustment, some opti-
mizations can be done which have to do with the sparsness of the matrix JT J. Let us introduce
the following variables. We have reconstructed a set of n 3D points Mi from 2D features in m
images. Simultaneously we have recovered the cameras of these images Pk (be they projective or
Euclidean). The 2D features in the images are denoted mki. The LM algorithm aims to minimize
the global reprojection error

e =
n∑

i=0

m∑

k=0

D(mki,PkMi)2 (8.6)

When we compute the Jacobian matrix J holding the partial derivatives of the measurement
w.r.t. the parameters of the points and the cameras, we see that this matrix quickly becomes
very large. A typical sequence of 10 images and 2000 reconstructed 3D points has a parameter

1The matrix JT J is the Guass-Newton approximation of the Hessian matrix


